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BALANCED RATIONAL CURVES IN INDEX-1 FANO HYPERSURFACES
ZIV RAN
ABSTRACT. We construct rational curves with balanced normal bundle of every degree
e ≥ n− 1 on a general hypersurface of degree n in Pn, n ≥ 4. The proof is based on fan
degeneration.
Rational curves on (Fano) hypersurfaces X of degree d ≤ n in Pn have been much
studied in recent years, especially by Joe Harris and his students, see e.g. [3], [1] [5].
An important geometric property of an embedded rational curve C is the nature of its
normal bundle NC, especially whether the bundle it balanced, i.e. whether
NC ≃ r
+OC(a
+)⊕ (r − r+)OC(a
+ − 1)
for some r+ > 0, a+ ∈ Z. In that case we will say that C is balanced. Geometrically,
balancedness is equivalent to C being movable to go through the ’expected’ number, i.e.
a+, of general points on X. Some results on existence of low-degree balanced rational
curves in case d < n are given in [1] and [7]. In this paper we will prove that in the
particular case d = n a general X contains balanced rational curves of every degree
e ≥ n− 1. To my knowledge this is the first example of high-degree balanced rational
curves on Fano hypersurfaces except those of very low degree.
The proof is based on degenerating the hypersurface to a reducible variety X1 ∪ X2
called a fan hypersurface, where X1 is a hypersurface of degree n with a point of mul-
tiplicity n− 1 blown up at that point, and where X2 is a hypersurface of degree n− 1.
Using a vanishing theorem of Rathmann [8], we show that a suitable rational curve on
X1 glued to some lines on X2 is well behaved and smooths out to a balanced rational
curve on X.
0. PRELIMINARIES
0.1. Fans. A 2-fan is a variety of the form P1 ∪ P2 where P1 is a blowup BpP
n with ex-
ceptional divisor E ≃ Pn−1 and P2 = P
n, so that P1 ∩ P2 is embedded as E ⊂ P1 and as
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a hyperplane in P2. For every d > e > 0 there is a very ample divisor on P1 ∪ P2 which
is dH − eE on P− 1 and eH on P2, H =hyperplane. A divisor of this class is said to be
of type (d, e).
A 2-fan is the special fibre pi−1(0) in a relative 2-fan pi : P(2) → C which is just
B(p,0)P
n × C, where P2 is the exceptional divisor. The divisor p
∗
1(dH) − eP2 induces a
divisor of type (d, e) on the special fibre and dH on other fibres.
0.2. Bundles. A balanced bundle E or rank r on P1 has the form
E = r+O(a+)⊕ (r− r+)(O(a+ − 1)
where the uniquely determined subbundle r+O(a+) is called the upper subbundle and
its rank and slope are called the upper rank and degree, respectively. The fibre of the
upper subbundle at a point p, which is a subspace of the fibre E(p) = E⊗ k(p), is called
the upper subspace at p.
An elementary down modification of colength s of a bundle E on a curve C is by
definition a subsheaf E′ ⊂ E such that E/E′ = sk(p) for some smooth point p ∈ C.
Dually for an elementary up modification. There is a local basis x1, ..., xr of E such that
x1, ..., xs, txs+1, ..., txr is a local basis of E
′.
Elementary modifications occur often in the geometry of embedded curves. For ex-
ample:
Lemma 1. Let C be a lci curve on a smooth variety X and let Y be a complete intersection of
codimension s in X meeting C transversely in a unique smooth point p. Let X′ be the blowup of
Y and C′ the birational transform of C on X. Then NC′/X′ is the elementary down modification
of colength s− 1 of NC/X corresponding to TpY.
Proof. We can choose local coordinates at p of the form y, x1, ..., xs−1, xs, ..., xn so that y
defines p on C, the xs define C and y, x1, ..., xs−1 define Y. Then x1, ..., xn yield a basis
for NˇC/X while x1/y, ..., xs−1/y, xs, ..., xn yield a basis for NC′/X′ . This proves the dual
statement which is equivalent to our assertion. 
Lemma 2. Let E be a balanced bundle with upper rank r+ and upper degree a+, and let E′ ⊂ E
be a sufficiently general elementary modification of colength s.Then if s < r+, we have
r+(E′) = r+ − s, a+(E′) = e+(E).
Otherwise,
r+(E′) = r+ r+ − s, a+(E′) = a+ − 1.
Proof. This follows easily from the fact that the inducedmap E′(p) → sk(p) has maximal
rank by generality. 
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1. CURVES IN Pn
Here as a warmup for fan methods we will prove the well-known fact:
Proposition 3. A general rational curve of degree e ≥ n in Pn has balanced normal bundle.
Proof. Case 1: a rational normal curve C ⊂ Pn.
The normal bundle N = NC/Pn has degree n(n+ 1)− 2 = (n− 1)(n+ 2) and rank n−
1 and the textbook synthetic construction of C through n+ 3 points in general position
[4]or [2] p.12 shows that H0(N(−
n+3
∑
i=1
pi)) = 0. Hence N contains no line bundle of
degree n+ 3 or more, hence N ≃ (n− 1)O(n+ 2).
Case 2: n < e < 2n.
Consider the blowup X of Pn1 ×C in P
e−n
1 × 0, with natural map pi : X → C. Then
pi
−1(0) = X1 ∪ X2,
where
X1 = BPe−n1
P
n
1 ,X2 = BP2n−e−12
P
n
2 ,Z := X1 ∩ X2 = P
e−n
1 ×P
2n−e−1
2 .
(Pn1 ,P
n
2 are copies of P
n and likewise for their subspaces.) Let C′1 ⊂ X1,C
′
2 ⊂ X2 be re-
spective proper transforms of curves C1, a rational normal curve in P
n
1 and C2, a rational
normal curve in its span S ≃ Pe−n+1, which meet Pe−n1 (resp. P
2n−e−1
2 ), transversely in
1 point, so that C′1 ∪ C
′
2 ⊂ X is a connected nodal curve. We also assume S is transverse
to the blowup center P2n−e−12 . Then NC1/Pn1 ≃ (n− 1)O(n+ 2). Similarly,
NC2/S = (2n− e− 2)O(2n− e+ 1)
hence
NC2/Pn2 ≃ (2n− e− 2)O(2n− e+ 1)⊕ (e− n+ 1)O(2n− e− 1).
The latter bundle is not balanced, however after the blowup the transverse P2n−e−12 , we
get
NC′2/X2
≃ (2n− e− 2)O(2n− e)⊕ (e− n+ 1)O(2n− e− 1)
which is balanced. Likewise
NC′1/X1
≃ (e− n− 1)O(n+ 2)⊕ (2n− e)O(n+ 1)
which is balanced as well. Moreover the gluing of the two normal bundles at the unique
intersection point p = C′1 ∪ C
′
2 may be assumed general so the two upper subspaces
are transverse. Therefore C′1 ∪ C
′
2 ⊂ X1 ∪ X2 ⊂ X is a locally complete intersection,
NC′1∪C
′
2/X1∪X2
is balanced, positive and has H1 = 0, hence the union smooths out to a
smooth rational curve of degree e in Pn × t, t , 0 with balanced normal bundle.
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Case 3: e ≥ 2n.
This case is similar to Case 2 except that we take C2 to be a general curve of degree
e− n. Then by induction NC2/Pn2 is balanced so we have
NC2/Pn2 ≃ r
+O(a+)⊕ (n− 1− r)O(a+ − 1), 0 < r+ ≤ n− 1.
Then let X2 be the blowup of P
n
2 in a P
r meeting C2 transversely in 1 point and X1 be
the blowup of Pn1 in a P
n−1−r
1 meeting C1 transversely in 1 point, and proceed as in Case
2. 
2. CURVES ON FANO HYPERSURFACES
Our main result is the following.
Theorem 4. Let X be a general hypersurface of degree n in Pn, n ≥ 4. Then for any e ≥ n− 1,
X contains a nonsingular irreducible rational curve of degree e with balanced normal bundle.
Proof. Case 1: e ≥ (n− 1)2.
Write e = e1n− a with
e1 ≥ n− 1, a ≤ n− 1.
We will consider a degenerate form of X in the the form of a fan hypersurface of type
(n− 1, n) as in [7], i.e.
X0 = X1 ∪F X2.
HereX2 is a general hypersurface of degree n− 1 inP
n and X1 = BpX¯1 is the blowup of a
general quasi-cone X¯1 of degree n andmultiplicity n− 1 at p, with exceptional divisor F,
and also the blowup of Pn−1 in a general (n− 1, n) complete intersection Y = Fn−1 ∩ Fn
with F being the birational transform of Fn−1. There is a family X/C with general fibre
X and special fibre X0.
To construct a suitable curve in X0 we proceed as follows. Let C be a general rational
curve of degree e1 in P
n−1. Let Fn−1 ⊂ P
n−1 be a general hypersurface meeting C
transversely in e1(n − 1) points. Note that C ∩ Fn−1 is in general position and choose
a subset A from it with |A| = a which we may assume consists of coordinate vertices
p1, ..., pa. I claimwe can find a hypersurface Fn through A and no other points of C∩ Fn−1
and with given normal hyperplanes to C at A. Indeed, a degree-n form through pi has
no xni term and its tangent at pi corresponds to a term x
n−1
i gi with gi linear in xj, j , i.
The gi may be chosen independently of one another and gi specifies the normal direction
to C at pi. This yields the desired Fn. Now blow up
Y = Fn−1 ∩ Fn ⊂ P
n−1
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to get X1 and let C1 ⊂ X1 be the birational transform of C. Because C1 has balanced
normal bundle and Y has general tangents at Y ∩ C, C1 ⊂ X1 also has balanced normal
bundle, and it meets F transversely in e1(n− 1)− a points.
Now let C2 ⊂ X2 be e1(n − 1) − a general lines so that C2 ∩ F = C1 ∩ F. As X2 is a
general hypersurface of degree n− 1 it is easy to check that each of the lines has trivial
(i.e. globally free) normal bundle. Now the argument of [6] applies and shows that
C1 ∪ C2 smooths out to a smooth rational curve of degree e on a general hypersurface of
degree n in Pn with balanced normal bundle. The generality condition imposed in [6] is
vacuous when te normal bundle to C2 is trivial on each connected component.
Case 2: n− 1 ≤ e < (n− 1)2.
Again we consider (n − 1)2 − a general lines for C2 ⊂ X2 with a = n(n − 1) − e,
glued to C1 ⊂ X1 which is the birational transform of a rational normal curve C ⊂ P
n−1
meeting Y = Fn−1 ∩ Fn in a points. It suffices to show that we can choose C1 to have
balanced normal bundle in X1. Let 2C be the first order neighborhood of C, , with ideal
sheaf I2C, so we have an exact sequence
0→ Nˇ → O2C → OC → 0
where Nˇ is the dual to
NC/Pn−1 = (n− 2)OC(n+ 1).
This sequence shows that
H1(O2C(kH)) = 0, k ≥ 2
where H is a hyperplane, so that OC(H) = OC(n− 1). Let Z = C ∩ Fn−1. Then we have
exact sequences
0→ OC(−(n− 1)H)→ IC/Pn−1 → IZ/Pn−1 → 0
0→ O2C(−(n− 1)H)→ I
2
C/Pn−1 → I2Z/Pn−1 → 0.
A theorem of Rathmann ca. 1991 (see [8], Prop.4.2 or [9]) shows that
H1(I2C(kH) = 0, k ≥ 3.
Hence
H1(I2Z(kH))) = 0, k ≥ n− 1
since n− 1 ≥ 3. This shows that Fn can be chosen to have general tangent hyperplanes at
Y ∩Cwhich makes NC1/X1 balanced. Therefore again C1 ∪C2 smooths out to a balanced
rational curve on X.
Remark 5. The proof does not extend to the case of hypersurfaces of degree d < n because
in that case lines on Fd−1 do not have trivial normal bundle and, especially if there are
many lines involved, it is not clear that the gluing of normal bundles of C1 and C2 can be
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chosen general enough so as to be able to apply [6]. However the analogous argument
does yield the following statement: for d < n and a general hypersurface X of degree
d in Pn, the blowup of X in a general linear space section of codimension n + 1 − d
contains a balanced rational curve of every degree e ≥ n− 1. This works because in the
appropriate blowup of Fd−1, lines have trivial normal bundle.

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